Let k = Q( 5 √ n, ζ 5 ), where n is a positive integer, 5 th power-free, whose 5−class group is isomorphic to Z/5Z × Z/5Z. Let k 0 = Q(ζ 5 ) be the cyclotomic field containing a primitive 5 th root of unity ζ 5 . Let C (σ) k,5 the group of the ambiguous classes under the action of Gal(k/k 0 ) = < σ >. The aim of this paper is to determine all integers n such that the group of ambiguous classes C (σ) k,5 has rank 1 or 2.
Introduction
One of the most important problems in number theory is the determination of the structure of class group of a number field, particularly its rank. The case of quadratic fields, Gauss's genus theory, determines the rank of 2-class group. In a series of papers ( see [3] , [4] , [5] ), Frank Gerth III proved several results on pure cubic extension of Q and on cyclic cubic extension of Q. Recently, S.Aouissi, M.C.Ismaili, M.Talbi, A.Azizi in [1] had classified all fields Q( 3 √ n, ζ 3 ) whose 3−class group is of type (9, 3) . Let k = Q( 5 √ n, ζ 5 ), a number of researchers have studied the 5-class group C k,5 and the calculation of its rank. M.Kulkarni, D.Majumdar and B.Sury in [14] proved some results that are seen as generalisation of Gerth's work to the case of any odd prime, and they give more details in case of 5-class group of k. In [17] , C.Parry gives a formula of class number of pure quintic field Q( 5 √ n), which we use in our results. Let n > 1 be a 5 th power-free integer and k = Q( 5 √ n, ζ 5 ) be a quintic Kummer extension of the cyclotomic field k 0 = Q(ζ 5 ), and denoted by C of k, which is called the relative 5-genus field of k/k 0 .
We consider the problem of finding the radicands n of all pure quintic fields Γ = Q( 5 √ n), for which the Galois group Gal(k * /k) is non-trivial. The present work gives the complete solution of this problem by characterizing all quintic Kummer extensions k/k 0 with 5-group of ambiguous ideal classes C (σ) k,5 of order 5 or 25. This paper can be viewed as the continuation of the work of M.Kulkarni, D.Majumdar and B.Sury in [14] . In fact, we shall prove the following Main Theorem: Theorem 1.1. Let Γ = Q( 5 √ n) be a pure quintic field, where n > 1 is a 5 th power-free integer, and k = Q( 5 √ n, ζ 5 ) be its normal closure. We assume that the 5−class group C k,5 is of type (5, 5) .
(1) If rank (C (σ) k,5 ) = 1, then the integer n can be written in one of the following forms:
5 e p 2 1 p 2 ≡ ±1 ± 7 (mod 25) with p 1 or p 2 ≡ ±7 (mod 25) 5 e p 1 ≡ ±1, ±7 (mod 25) with p 1 ≡ −1 (mod 25) 5 e p 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ ±7 (mod 25) p e 1 1 p 2 ≡ ±1, ±7 (mod 25) with p 1 ≡ 9, 14, 4, 19 (mod 25), p 2 ≡ ±2, 3 (mod 25) p e 1 1 ≡ ±1, ±7 (mod 25) with p 1 ≡ −1 (mod 25) p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) with p i ≡ ±7 (mod 25)
where p 1 , p 2 , p 3 are primes and e, e 1 are integers in {1, 2, 3, 4}.
(2) If rank (C (σ) k,5 ) = 2, then the integer n can be written in one of the following forms:
where p 1 , p 2 are primes and e, e 1 are integers in {1, 2, 3, 4}.
This result will be underpinned by numerical examples obtained with the computational number theory system PARI/GP [20] in section 5.
Notations.
Throughout this paper, we use the following notations:
• Γ = Q( 5 √ n): a pure quintic field, where n = 1 is a 5 th power-free positive integer.
• k 0 = Q(ζ 5 ), the cyclotomic field, where ζ 5 = e 2iπ/5 a primitive 5 th root of unity.
• k = Q( 5 √ n, ζ 5 ): the normal closure of Γ, a quintic Kummer extension of k 0 .
• Γ ′ , Γ ′′ , Γ ′′′ , Γ ′′′′ , the four conjugates quintic fields of Γ, contained in k.
• u: the index of subgroup E 0 generated by the units of intermediate fields of the extension k/Q in the unit group of k.
• τ = Gal(k/Γ) such that τ 4 = id, τ 3 (ζ 5 ) = ζ 2 5 , τ 2 (ζ 5 ) = ζ 3 5 , τ (ζ 5 ) = ζ 4 5 and τ ( 5 √ n) = 5 √ n.
• σ = Gal(k/k 0 ) such that σ 5 = id, σ(ζ 5 ) = ζ 5 and σ( 5 √ n) = ζ 5 5 √ n, σ 2 ( 5 √ n) = ζ 2
√ n.
• λ = 1 − ζ 5 is prime element above 5 of k 0 .
• q * = 0, 1 or 2 according to whether ζ 5 and 1 + ζ 5 is not norm or is norm of an element of k * = k \ {0}.
• d: the number of prime ideals of k 0 ramified in k.
• For a number field L, denote by:
-O L : the ring of integers of L;
-E L : the group of units of L;
-C L , h L , C L,5 : the class group, class number, and 5-class group of L.
-L
5 , L * : the Hilbert 5-class field of L, and the absolute genus field of L. 
Genus field
In this section we use genus theory to prove that the radicand n, must be divisible by at most one prime p such that p ≡ 1 (mod 5). In chapter 7 of [9], Ishida has explicitly given the genus field of any pure field. For the pure quintic field Γ = Q( 5 √ n) where n is 5 th power-free naturel number, we have the following theorem.
Proof.
(1) If p 1 , , , , p r are all prime congruent to 1 (mod 5) and divides n, then 5 r |h Γ therfore if 5 divides exactly h Γ then r = 1, so one prime p ≡ 1 (mod 5) divides n exist, or no one.
(2) If h Γ is exactly divides by 5 and p ≡ 1 (mod 5) divides n, then g Γ = 5 so, Γ * = Γ
where p 1 , , , , p r are prime congruent to 1 (mod 5) and divides n, if 5 divides exactly h Γ then 5 divides exactly also h Γ ′ , because Γ and Γ ′ are isomorphic, so we obtaint (Γ ′ ) * = (Γ ′ 5 ) (1) . For the others equality we use the same reasoning. Moreover,
Hence, k.Γ
3 Fields Q( 5 √ n, ζ 5 ) whose 5-class group is of type (5, 5) In this section we use class number formula of [17] to give necessary and sufficient condition such that the 5-class group of the fields Q( 5 √ n, ζ 5 ) is of type (5, 5) .
Now let u the index of subgroup E 0 generated by the units of intermediate fields of the extension k/Q in the units group of k. In [17] , C.Parry prove that u is a divisor of 5 6 . We assume that h Γ is exactly divisible by 5 and u = 5 3 . From [17] we have h k = ( u 5 )( h Γ 5 ) 4 . The structure of the 5-class group C k,5 is given by the following proposition: Proposition 3.1. Let Γ be a pure quintic field, k its normal closure, and u be the index of units defined in the notation above, then C k,5 ≃ Z/5Z × Z/5Z ⇐⇒ h Γ is exactly divisible by 5 and u = 5 3 .
Proof.
Let C k,5 ≃ Z/5Z × Z/5Z then |C k,5 | = 25 acoording to [17] 
= 25, namly uh 4 Γ = 5 7 . Let n = v 5 (u), and n ′ = v 5 (h Γ ), so we get that n + 4n ′ = 7, the unique natural values of n and n ′ verify this equality is n = 3 and n ′ = 1. Therfore we have u = 5 3 and h Γ is exactly divisible by 5.
we get that |C − k,5 | = 5 and C − k,5 is a cyclic group of order 5, then C k,5 ≃ Z/5Z × Z/5Z. -If p = 5, λ = 1 − ζ 5 is the unique prime over 5 in Q(ζ 5 ).
Proof of Main Theorem
-If p ≡ 1 (mod 5), then p splits completely in Q(ζ 5 ) as p = π 1 π 2 π 3 π 4 , with π i are primes in Q(ζ 5 ) -If p ≡ ±2 (mod 5), then p is inert in Q(ζ 5 ).
-If p ≡ 4 (mod 5), then p splits in Q(ζ 5 ) as p = π 1 π 2 , with π i are primes in Q(ζ 5 ).
Before proving the main theorem, we give a proof of the existance of a unique prime p ≡ 1 (mod 5) divides the radicand n in the case of rank (C Proof. If rank (C (σ) k,5 ) = 2 so the order of C
k,5 it means that all ideal classes are ambiguous. By class fields theory C 1−σ k,5 correspond to (k/k 0 ) * and Gal(k
5 , and by [14, section 5, p20] we know explicitly in this case the Hilbert 5−class field of k. We assume now that there is no prime p ≡ 1 (mod 5) divides n. We can write n as n = 5 e q f 1 1 ...q fr r p g 1 1 ....p gs s with q i ≡ ±2 (mod 5) and p j ≡ 4 (mod 5), f i = 1, 2, 3, 4 for 1 ≤ i ≤ r and g j = 1, 2, 3, 4 for 1 ≤ j ≤ s, and e = 0, 1, 2, 3, 4, by Corollary 4.1 each q i is inert in k 0 , and q i is ramified in Γ = Q( 5 √ n), also by Corollary 4.1 p j splits in k 0 as p j = π 1 π 2 , where π 1 , π 2 are primes in k 0 , and p j is ramified in Γ = Q( 5 √ n), so the prime ideals ramified in k/k 0 are those above q i and p j and the ideal above
λ is ramified in k/k 0 , we note I the prime ideal in k above λ, and for 1 ≤ i ≤ r ,Q i the prime ideal above q i in k, and for 1 ≤ j ≤ s ,P j the prime ideal above π j in k, with π j is prime of k 0 above p j . We have evidently
k,s the group of strong ambiguous adeal classes. We have to treat two cases:
We have (C 
if λ is ramified in k/k 0 , all elements of C k,5 will be fixed by τ , in particular whose of
and this contradict the fact that |C k,5 | = 5.
In this case C k,5 will be generated by
if λ is ramifed in k/k 0 , and as in (i) all the classes are fixed by τ , which give the same contradiction.
Proof of Theoreme 1.1
Let Γ = Q( 5 √ n) be a pure quintic field, where n ≥ 2 is a 5 th power-free integer, k = Γ(ζ 5 ) be its normal closure, and C k,5 be the 5-class group of k. Let C According to [14,section 5,p.16] , the rank of C (σ) k,5 is given as follows:
where d is the number of prime ideals of k 0 ramified in k, and q * = 0, 1 or 2 according to whether ζ 5 and 1 + ζ 5 is not norm or is norm of an element of k * = k \ {0} as follows:
We can writ n as n = µλ e π e 1 1 ..
, so we can get that ζ 5 is norm of an element of k * = k \ {0} if and only if p f ≡ 1 (mod, 25) for all prime p = 5 dividing n:
− If p ≡ 1 (mod, 5), by corollary 4.1 p = π 1 π 2 π 3 π 4 , we have N k 0 /Q ((π i )) = p, so to have N k 0 /Q ((π i )) ≡ 1 (mod, 25) the prime p must verify p ≡ 1 (mod 25).
− If p ≡ ±2 (mod, 5) we have p is inert in k 0 , so N k 0 /Q ((p)) = p 4 , so to have N k 0 /Q ((π)) ≡ 1 (mod, 25) the prime p must verify p ≡ ±7 (mod 25).
− If p ≡ 4 (mod 5),by corollary 4.1 p = π 1 π 2 we have N k 0 /Q ((π)) = p 2 , so to have N k 0 /Q ((π)) ≡ 1 (mod 25) the prime p must verify p ≡ −1 (mod 25).
(1) If rank (C (σ) k,5 ) = 1, we get that d + q * = 4, so there are three possible cases as follows:
• Case 1: q * = 0 and d = 4,
• Case 2: q * = 1 and d = 3,
• Case 3: q * = 2 and d = 2,
We will successively treat the three cases to prove the first point of the main theorem.
• Case 1: we have q * = 0 and d = 4, so the number of prime ideals which are ramified in k/k 0 should be 4. According to corollar 2.1, n is divisible by one prime p ≡ 1 (mod 5) at most.
-If p 1 ≡ 1 (mod 5) divides n, then by Corollary 4.1, p 1 = π 1 π 2 π 3 π 4 where π i are primes of k 0 . The prime p 1 is ramified in Γ, because disk(Γ/Q) = 5 5 n 4 and p 1 divides this discriminent, then π 1 , π 2 , π 3 , π 4 are ramified in k. hence we have d = 4, so p 1 is the unique prime divides n, because if n is dividing by other prime we obtain d > 4, which is impossible in the three cases. So n = p e 1 1 with p 1 ≡ 1 (mod 5) and e 1 ∈ {1, 2, 3, 4}. According to [14,section 5, Lemma 5.1, p.16] we have (λ) ramifies in k/k 0 ⇐⇒ n ≡ ±1 ± 7 (mod 25), with λ = 1 − ζ 5 , so in the case n = p e 1 1 where p 1 ≡ 1 (mod 5) we should have n ≡ ±1 ± 7 (mod 25), so the only p 1 verifiy n = p e 1 1 ≡ ±1 ± 7 (mod 25) is p 1 ≡ 1 (mod 25) , and for this prime we have q * ≥ 1, because ζ 5 is norme, which is impossible in this case. We note that if n = p e 1 1 with p 1 ≡ 1 (mod 25) and q * = 2, there is no fields k of type (5, 5), because we have rank(C -If no prime p 1 ≡ 1 (mod 5) divides n, we have two forms of n:
(i) n = 5 e p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 4 (mod 5), p 2 ≡ ±2 (mod 5) and e, e 1 , e 2 ∈ {1, 2, 3, 4}. By Corollary 4.1, p 1 = π 1 π 2 , where π 1 , π 2 are prime in k 0 and p 2 is inert in k 0 , the prime p 1 is ramified in Γ, then π 1 , π 2 are ramified in k. We have p 2 is ramified in Γ. Since n ≡ ±1 ± 7 (mod 25), then λ = 1 − ζ 5 is ramified in k, so we get d = 4.
To verifiy that n = 5 e p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) we can choose e 1 = 2 and e 2 = 1 because Q(
, so n = 5 e p 2 1 p 2 with e ∈ {1, 2, 3, 4}. In one hand if e = 2, 3, 4 we have n ≡ 0 (mod 25), in the other hand if n = 5p 2 1 p 2 we have p 2 1 p 2 = 5α+2 or p 2 1 p 2 = 5α ′ +3 with α, α ′ ∈ Z, so 5p 2 1 p 2 ≡ 10 (mod 25) or 5p 2 1 p 2 ≡ 15 (mod 25), therefore we conclude that n ≡ ±1 ± 7 (mod 25). According to [14,section 5, Theorem 5.18], if p 1 ≡ 4 (mod 25) and p 2 ≡ ±7 (mod 25), rank (C k,5 ) is at least 3 which contradict the fact that C k,5 is of type (5, 5) , and by the proof of [14,section 5, Theorem 5.13,Theorem 5.15], for the other congruence cases of p 1 and p 2 we have q * = 1 which is impossible in this case.
(ii) n = p e 1 1 p e 2 2 p e 3 3 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 4 (mod 5), p 2 ≡ 2 (mod 5), p 3 ≡ 3 (mod 5) and e 1 , e 2 , e 3 ∈ {1, 2, 3, 4}. As Q(
we can choose e 2 = 2, e 3 = 1 i.e n = p e 1 1 p 2 2 p 3 with e 1 ∈ {1, 2, 3, 4}. By Corollary 4.1 p 1 = π 1 π 2 where π 1 , π 2 are prime in k 0 and p 2 , p 3 are inert in k 0 . We have p 1 , p 2 , p 3 are ramified in Γ,so π 1 , π 2 , p 2 , p 3 are ramified in k then d = 4. The condition n = p e 1 1 p 2 2 p 3 ≡ ±1 ± 7 (mod 25) is not verified for all p 1 ≡ 4 (mod 5), p 2 ≡ 2 (mod 5), p 3 ≡ 3 (mod 5), so we combine all the cases of congruence and we obtain that p 1 ≡ −1 (mod 25), p 2 ≡ 12 (mod 25), p 3 ≡ 3 (mod 25). By [14,section 5, Lemma 5.1], since N k 0 /Q (π i ) ≡ 1 (mod 25), N k 0 /Q (p 2 ) ≡ 1 (mod 25), N k 0 /Q (p 3 ) ≡ 1 (mod 25), we have q * = 1 which is impossible in this case.
We deduce that in the case 1, there is no radicand n who verifiy rank(C (σ) k,5 ) = 1.
• Case 2: we have q * = 1 and d = 3, so the number of prime ideals which are ramified in k/k 0 should be 3. According to case 1, n is not dividing by any prime p ≡ 1 (mod 5) in this case. We can writ n as n = µλ e π e 1 1 ....π eg g , where µ is a unit in O k 0 , λ = 1 − ζ 5 , π 1 , , , , π g are prime in k 0 and e ∈ {0, 1, 2, 3, 4}, e i ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g. d = g or g + 1 according to whether n ≡ ±1 ± 7 (mod 25) or n ≡ ±1 ± 7 (mod 25), to obtain d = 3, n must be written in O k 0 as: n = π e 1 1 π e 2 2 π e 3 3 or n = λ e π e 1 1 π e 2 2 , therefore we have three forms of n:
(i) n = 5 e p e 1 1 ≡ ±1±7 (mod 25) with p 1 ≡ −1 (mod 5) and e, e 1 ∈ {1, 2, 3, 4}. As Q(
we can choose e 1 = 1 i.e n = 5 e p 1 with e ∈ {1, 2, 3, 4}. By Corollary 4.1 p 1 = π 1 π 2 with π 1 , π 2 are prime in k 0 , we have p 1 is ramified in Γ, so π 1 , π 2 are ramified in k, and since n ≡ ±1 ± 7 (mod 25), according to [14,section 5, Lemma 5.1, p.16], λ = 1 − ζ 5 is ramified in k so we obtain d = 3. The condition n ≡ ±1 ± 7 (mod 25) is verified for all p 1 ≡ 4 (mod 5) because, if e = 2, 3, 4 we have n = 5 e p 1 ≡ 0 (mod 25), if e = 1 i.e n = 5p 1 we have p 1 = 5α + 4 that implie 5p 1 = 25α + 20 with α ∈ Z, so n = 5p 1 ≡ 20 (mod 25). According to the proof of [14, section 5, theorem 5.15] if p 1 ≡ −1(mod 25) we have q * = 2, and if p 1 ≡ −1(mod 25) we have q * = 1, we conclude that n = 5 e p 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ −1(mod 25). We note that the computational number theory system PARI [20] , show that if n = 5 e p 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ −1(mod 25), the field k is not always of type (5, 5) .
(ii) n = 5 e p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 2 (mod 5), p 2 ≡ 3 (mod 5) and e, e 1 , e 2 ∈ {1, 2, 3, 4}. As Q(
we can choose e 1 = 2 and e 2 = 1 i.e n = 5 e p 2 1 p 2 with e ∈ {1, 2, 3, 4}. By Corollary 4.1, p 1 and p 2 are inert in k 0 , and p 1 , p 2 are ramified in Γ, then p 1 , p 2 are ramified in k. Since n ≡ ±1 ± 7 (mod 25), then λ = 1 − ζ 5 is ramified in k, so we get d = 3.The condition n ≡ ±1 ± 7 (mod 25) is verified for all p 1 ≡ 2 (mod 5), p 2 ≡ 3 (mod 5), if e = 2, 3, 4 we have n = 5 e p 2 1 p 2 ≡ 0 (mod 25), if n = 5p 2 1 p 2 we have p 2 1 p 2 = 5α + 2 with α, ∈ Z, so 5p 2 1 p 2 ≡ 10 (mod 25).If p 1 ≡ 7 (mod 25) and p 2 ≡ −7 (mod 25) we have q * = 2, and if p 1 ≡ 7 (mod 25) or p 2 ≡ −7 (mod 25), according to the proof of [14, section 5, theorem 5.13] we have q * = 1, but for this form of the radicand n the computational number theory system PARI [20] show that C k,5 ≃ Z/5Z.
(iii) n = p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 4 (mod 5), p 2 ≡ ±2 (mod 5) and e 1 , e 2 ∈ {1, 2, 3, 4}. As Q(
we can choose e 2 = 1 i.e n = p e 1 1 p 2 with e 1 ∈ {1, 2, 3, 4}. By Corollary 4.1 p 1 = π 1 π 2 where π 1 , π 2 are prime in k 0 and p 2 is inert in k 0 . We have p 1 is ramified in Γ,so π 1 , π 2 are ramified in k. p 2 is ramified in Γ too, we obtain d = 3. The condition n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) is not verified for all p 1 ≡ 4 (mod 5), p 2 ≡ 2 or 3 (mod 5), so we combine all the cases of congruence and we obtain that p 1 ≡ 9, 14, 4, 19, −1 (mod 25) and p 2 ≡ ±2, 3, ±7 (mod 25). If p 1 ≡ −1 (mod 25) and p 2 ≡ ±7 (mod 25) we have q * = 2, and if p 1 ≡ −1 (mod 25) or p 2 ≡ ±7 (mod 25), according to [14, section 5, theorem 5.13] we have q * = 1. Using the computational number theory system PARI/GP [20] , if n = p e 1 1 p 2 with p 1 ≡ 9, 14, 4, 19 (mod 25) and p 2 ≡ ±2, 3 (mod 25), the field k is not always of type (5, 5) .
We summarize all forms of integer n in the case 2, for which k is of type (5, 5) and rank (C 
• Case 3: we have q * = 2 and d = 2, so the number of prime ideals which are ramified in k/k 0 should be 2. Let n = µλ e π e 1 1 ....π eg g , where µ is a unit in O k 0 , λ = 1 − ζ 5 , π 1 , , , , π g are primes in k 0 and e ∈ {0, 1, 2, 3, 4}, e i ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g. By [14,section 5, p.16] d = g or g + 1 according to whether n ≡ ±1 ± 7 (mod 25) or n ≡ ±1 ± 7 (mod 25), to obtain d = 2, n must be written in O k 0 as: n = π e 1 1 π e 2 2 or n = λ e π e 1 1 , therefore we have three forms of n:
(i) n = 5 e p e 1 1 ≡ ±1±7 (mod 25) with p 1 ≡ ±2 (mod 5) and e, e 1 ∈ {1, 2, 3, 4}. As Q(
we can choose e 1 = 1 i.e n = 5 e p 1 with e ∈ {1, 2, 3, 4}. Since q * = 2 so we have p 1 ≡ ±7 (mod 25). By Corollary 4.1 p 1 is inert in k 0 , we have p 1 is ramified in Γ, so p 1 is ramified too in k, and since n ≡ ±1 ± 7 (mod 25), according to [14,section 5, Lemma 5.1, p.16], λ = 1 − ζ 5 is ramified in k so we obtain d = 2. The condition n ≡ ±1 ± 7 (mod 25) is verified for all p 1 ≡ ±7 (mod 5) because, if e = 2, 3, 4 we have n = 5 e p 1 ≡ 0 (mod 25), if e = 1 i.e n = 5p 1 we have n = 5p 1 ≡ ±10 (mod 25), we conclude that n = 5 e p 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ ±7 (mod 25), but for this form of the radicand n the computational number theory system PARI/GP [20] show that C k,5 ≃ Z/5Z.
(ii) n = p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 3 (mod 5), p 2 ≡ 2 (mod 5) and e 1 , e 2 ∈ {1, 2, 3, 4}. As Q(
we can choose e 2 = 1 i.e n = p e 1 1 p 2 with e 1 ∈ {1, 2, 3, 4}. Since q * = 2, we have ζ 5 ∈ N k/k 0 (k * ), we get that p 1 ≡ −7 (mod 25) and p 2 ≡ 7 (mod 25). By Corollary 4.1 p 1 and p 2 are inert in k 0 , and we have p 1 , p 2 are ramified in Γ,so p 1 , p 2 are ramified in k, so we obtain d = 2. The condition n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) is verified, because we have n = p e 1 1 p 2 ≡ ±7 (mod 25) for all e 1 , so we conclude that n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ −7 (mod 25), p 2 ≡ 7 (mod 25), but for this form of the radicand n the computational number theory system PARI/GP [20] show that C k,5 ≃ Z/5Z (iii) n = p e 1 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 4 (mod 5) and e 1 ∈ {1, 2, 3, 4}. Since q * = 2, we have ζ 5 ∈ N k/k 0 (k * ), we get that p 1 ≡ −1 (mod 25). By Corollary 4.1, p 1 = π 1 π 2 where π 1 , π 2 are primes of k 0 . The prime p 1 is ramified in Γ, then π 1 , π 2 are ramified in k. hence we have d = 2. The condition n = p e 1 1 ≡ ±1 ± 7 (mod 25) is verified for all p 1 ≡ −1 (mod 25), we conclude that n = p e 1 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ −1 (mod 25) . Using the computational number theory system PARI/GP [20] , if n = p e 1 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ −1 (mod 25) , the field k is not always of type (5, 5) .
We deduce that in the case 3, there is one form of n for which the fields k is of type (5, 5) and rank(C We will treat the three cases to prove the forms of the radicand n. By theorem 4.2, n must be divisible by one prime p ≡ 1 (mod 5) in all cases, and since rank (C (σ) k,5 ) = 2, the invariant q * should be 0 or 1, because if q * = 2 and p ≡ 1 (mod 5) divides n, we get that the invariant d is at least 4, so we obtain that rank (C (σ) k,5 ) is at least 3.
• Case 1: we have q * = 0 and d = 5, so the number of prime ideals which are ramified in k/k 0 should be 5. The radicand n must be divisible by one prime p ≡ 1 (mod 5).
We can writ n ∈ O k 0 as n = µλ e π e 1 1 ....π eg g , where µ is a unit in O k 0 , λ = 1 − ζ 5 , π 1 , , , , π g are primes in k 0 and e ∈ {0, 1, 2, 3, 4}, e i ∈ {1, 2, 3, 4} for 1 ≤ i ≤ g. d = g or g + 1 according to whether n ≡ ±1 ± 7 (mod 25) or n ≡ ±1 ± 7 (mod 25), to obtain d = 5, n must be written in O k 0 as: n = π e 1 1 π e 2 2 π e 3 3 π e 4 4 π e 5 5 or n = λ e π e 1 1 π e 2 2 π e 3 3 π e 4 4 , therefore we have two forms of n:
(i) n = 5 e p e 1 1 ≡ ±1±7 (mod 25) with p 1 ≡ 1 (mod 5) and e, e 1 ∈ {1, 2, 3, 4}. As Q(
we can choose e 1 = 1 i.e n = 5 e p 1 with e ∈ {1, 2, 3, 4}. By Corollary 4.1 p 1 = π 1 π 2 π 3 π 4 with π i are primes in k 0 , we have p 1 is ramified in Γ, so π 1 , π 2 , π 3 , π 4 are ramified in k, and since n ≡ ±1 ± 7 (mod 25), according to [14, section 5, Lemma 5.1, p.16] , λ = 1 − ζ 5 is ramified in k so we obtain d = 5. The condition n ≡ ±1 ± 7 (mod 25) is verified for all p 1 ≡ 1 (mod 5), because if e = 2, 3, 4 we have n = 5 e p 1 ≡ 0 (mod 25), if e = 1 i.e n = 5p 1 we have p 1 = 5α+1 that implie 5p 1 = 25α+5 with α ∈ Z, so n = 5p 1 ≡ 5 (mod 25). if p 1 ≡ 1(mod 25) we have ζ 5 ∈ N k/k 0 (k * ), so q * = 1 which in impossible in this case. We conclude that n = 5 e p 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 1(mod 25). Using the computational number theory system PARI/GP [20] , if n = 5 e p 1 ≡ ±1±7 (mod 25) with p 1 ≡ 1(mod 25), the field k is not always of type (5, 5) .
(ii) n = p e 1 1 p e 2 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 1 (mod 5), p 2 ≡ 2 or 3 (mod 5) and e 1 , e 2 ∈ {1, 2, 3, 4}. As Q(
we can choose e 2 = 1 i.e n = p e 1 1 p 2 with e 1 ∈ {1, 2, 3, 4}. By Corollary 4.1 p 1 = π 1 π 2 π 3 π 4 where π i are primes in k 0 and p 2 is inert in k 0 . We know that p 1 is ramified in Γ,so π 1 , π 2 , π 3 , π 4 are ramified in k. p 2 is ramified in Γ too, we obtain d = 5. The condition n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) is not verified for all p 1 ≡ 1 (mod 5), p 2 ≡ 2 or 3 (mod 5), so we combine all the cases of congruence and we obtain that p 1 ≡ , 6, 11, 16, 21 (mod 25) and p 2 ≡ ±2, ±3 (mod 25). Using the computational number theory system PARI/GP [20] , if n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25), with p 1 ≡ , 6, 11, 16, 21 (mod 25), and p 2 ≡ ±2, ±3 (mod 25), the field k is not always of type (5, 5) We summarize all forms of integer n in this case as follows: n = 5 e p 1 ≡ ±1, ±7 (mod 25) with p 1 ≡ 1 (mod 5), p e 1 1 p 2 ≡ ±1, ±7 (mod 25) with p 1 ≡ 6, 11, 16, 21 (mod 25) p 2 ≡ ±2, ±3 (mod 25)
• Case 2: We have q * = 1 and d = 4, so the number of prime ideals which are ramified in k/k 0 should be 4. The radicand n must be divisible by one prime p ≡ 1 (mod 5), and according to Corollary 4.1 p splits in k 0 as p = π 1 π 2 π 3 π 4 with π i are primes in k 0 , since p is ramified in Γ, so π 1 , π 2 , π 3 , π 4 are ramified in k, hence if n is devisible by another prime than p the number of prime which are ramified in k/k 0 surpass 4, therefore we have unique form of n in this case, its n = p e 1 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 1 (mod 5) and e 1 ∈ {1, 2, 3, 4}. The condition n ≡ ±1 ± 7 (mod 25) is verified only for p ≡ 1, (mod 25), and we have q * = 1. In conclusion we get n = p e 1 1 with p 1 ≡ 1, (mod 25). Using the computational number theory system PARI/GP [20] , if n = p e 1 1 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 1(mod 25), the field k is not always of type (5, 5) • case 3: We have q * = 2 and d = 3, so the number of prime ideals which are ramified in k/k 0 should be 3. The radicand n must be divisible by one prime p ≡ 1 (mod 5), and according to Corollary 4.1 p = π 1 π 2 π 3 π 4 with π i are primes in k 0 , since p is ramified in Γ, so π 1 , π 2 , π 3 , π 4 are ramified in k, so we deduce that the number of primes ramified in k/k 0 is at least 4, so the case 3 does not exist.
Numerical examples
Let Γ = Q( 5 √ n) be a pure quintic field, where n is a positive integer, 5 th power-free, and let k = Q( 5 √ n, ζ 5 ) its normal closure. assume that C k,5 is of type (5, 5). Using the system PARI/GP [20] , we illustrates our main result Theorem 1.1. Here we denote by:
C k,5 : the 5-class groupe of k C Table 4 : n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ 9, 14, 19, 4 (mod 25), p 2 ≡ ±2, 3 (mod 25) p 1 p 1 (mod 5) p 1 (mod 25) p 2 p 2 (mod 5) p 2 (mod 25) n = p e 1 1 p 2 h k,5 C k,5 rank (C Table 2 : n = p e 1 1 p 2 ≡ ±1 ± 7 (mod 25) with p 1 ≡ , 6, 11, 16, 21 (mod 25) and p 2 ≡ ±2, ±3 (mod 25) p 1 p 1 (mod 5) p 1 (mod 25) p 2 p 2 (mod 5) p 2 (mod 25) n = p e 1 1 p 2 h k,5 C k,5 rank (C (σ)
Conjecture
In this article, we have classified some pure quintic fields Q( 5 √ n), more precisely, we focused on the ones whose normal closures Q( 5 √ n, ζ 5 ) possesses a 5-class groups of type (5, 5) , by treating the rank of the ambiguous classes, that can be characterized by the radicand n.
As to provide numerical examples, we use the system PARI/GP 20. Thus, we have noticed that the done calculations for conerning n forms, show that 5-class groupe C k,5 of the field k, is isomorphic to Z/5Z, which allows us to give this conjecture as follows:
Conjecture 6.1. Let Γ = Q( 5 √ n) be a pure quintic field, where n is a positive integer, 5 th power-free.
Let k = Γ(ζ 5 ) be the normal closure of Γ. Denote by C k,5 the 5-class group of k. If the radicand n take one form as follows: 
Then C k,5 is a cyclic groupe of order 5.
